
vii

Contents

Zusammenfassung iii

List of Symbols xi

1 Introduction 1
1.1 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Acknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 A primer on matrix polynomials 5
2.1 Matrices, matrix polynomials and polynomial matrices . . . . . . . . 5
2.2 Eigenvalues and eigenvectors of matrix polynomials . . . . . . . . . . 10
2.3 Linearizations of matrix polynomials . . . . . . . . . . . . . . . . . . 14
2.4 Linearizations from vector spaces and Fiedler-pencils . . . . . . . . . 17

2.4.1 The classical ansatz spaces and their derivatives . . . . . . . . 18
2.4.2 Fiedler-pencils and Fiedler-like linearization families . . . . . . 19
2.4.3 From Fielder-linearizations to block Kronecker matrix pencils 20

2.5 Outlook on Chapters 3 to 7 . . . . . . . . . . . . . . . . . . . . . . . 21

3 Block Kronecker ansatz spaces 25
3.1 Introduction of Gη+1(A) and basic properties . . . . . . . . . . . . . . 26
3.2 Advanced structural analysis of Gη+1(A) . . . . . . . . . . . . . . . . 33
3.3 The recovery of eigenvectors . . . . . . . . . . . . . . . . . . . . . . . 34
3.4 Block Kronecker pencils and Fiedler-like linearizations . . . . . . . . . 36

4 Double block Kronecker ansatz spaces 39
4.1 Definition of DGη+1(A) and basic properties . . . . . . . . . . . . . . 39

4.1.1 Proof of Theorem 4.1 . . . . . . . . . . . . . . . . . . . . . . . 42
4.2 Advanced structural analysis of DGη+1(A) . . . . . . . . . . . . . . . 47
4.3 The superpartition principle . . . . . . . . . . . . . . . . . . . . . . . 49

4.3.1 Proof of Theorem 4.3 . . . . . . . . . . . . . . . . . . . . . . . 49
4.4 The inclusion relation . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.5 The block-symmetric ansatz spaces BGη+1(A) . . . . . . . . . . . . . 52
4.6 A note on symmetric linearizations for symmetric matrix polynomials 56
4.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57



viii

5 Solving generalized eigenproblems 59
5.1 Shift-and-invert reformulation . . . . . . . . . . . . . . . . . . . . . . 60

5.1.1 Aspects on Krylov subspace methods . . . . . . . . . . . . . . 61
5.2 Solving linear systems L(τ)x = z . . . . . . . . . . . . . . . . . . . . 62
5.3 Structured polynomial eigenproblems . . . . . . . . . . . . . . . . . . 65

5.3.1 T -even eigenproblems and the Even-IRA algorithm . . . . . . 66
5.3.2 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . 69

5.4 Algorithms for symmetric GEPs . . . . . . . . . . . . . . . . . . . . . 71

6 The connection between L1(A), L2(A) and Gη+1(A) 75
6.1 Block Kronecker ansatz spaces and the spaces L1(A) and L2(A) . . . 75
6.2 The central relation between L1(A),L2(A) and Gη+1(A) . . . . . . . . 78
6.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

7 Generalized ansatz spaces for orthogonal bases 81
7.1 The basic framework . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
7.2 The recovery of eigen- and nullspaces . . . . . . . . . . . . . . . . . . 88

7.2.1 The recovery of minimal indices and minimal bases . . . . . . 90
7.3 A note on singular matrix polynomials . . . . . . . . . . . . . . . . . 91
7.4 Double generalized ansatz spaces . . . . . . . . . . . . . . . . . . . . 96

7.4.1 Construction of block-symmetric pencils . . . . . . . . . . . . 99
7.5 The eigenvector exclusion theorem . . . . . . . . . . . . . . . . . . . . 102

7.5.1 The eigenvalue exclusion theorem . . . . . . . . . . . . . . . . 104
7.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

8 Sesquilinear forms 109
8.1 Introduction and basic definitions . . . . . . . . . . . . . . . . . . . . 112
8.2 Special classes of B-normal matrices . . . . . . . . . . . . . . . . . . 116
8.3 Forms from generalized permutation matrices . . . . . . . . . . . . . 119
8.4 Outlook on Chapters 9 and 10 . . . . . . . . . . . . . . . . . . . . . . 121

9 Automorphic diagonalization of B-normal matrices 125
9.1 Preliminary results on common eigenspaces . . . . . . . . . . . . . . . 126
9.2 An eigenbasis ordering . . . . . . . . . . . . . . . . . . . . . . . . . . 129
9.3 Towards an automorphic diagonalization . . . . . . . . . . . . . . . . 135
9.4 Frequently arising indefinite forms: examples . . . . . . . . . . . . . . 140

9.4.1 The standard Euclidean scalar product . . . . . . . . . . . . . 141
9.4.2 The pseudoeuclidean inner product . . . . . . . . . . . . . . . 142
9.4.3 The perplectic and symplectic forms . . . . . . . . . . . . . . 142

9.5 Unitary structure-preserving diagonalization . . . . . . . . . . . . . . 144
9.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145



ix

10 Structured normal matrices 147
10.1 Lagrangian subspaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
10.2 Normal perhermitian matrices . . . . . . . . . . . . . . . . . . . . . . 149

10.2.1 Normal perskew-Hermitian matrices . . . . . . . . . . . . . . . 157
10.3 Normal Hamiltonian matrices . . . . . . . . . . . . . . . . . . . . . . 158
10.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

Bibliography 163

Index 173


